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Quantum thermoelectricity is one of the most rapidly developing directions of the quantum technology [1, 2] . Modern progress in fabrication of nano-devices operating at ultra low (milli-Kelvin range) temperatures opens an access to a broad variety of the charge, spin and heat transport phenomena governed entirely by the quantum effects [3, 4] . In particular, quantization effects in behaviour of quantum simulators (see. e.g. [5] [6] [7] [8] [9] [10] [11] [12] ) at the regimes affected by quantum criticality are challenging for both experimental and theoretical communities.
Among a large variety of available quantum devices, Quantum Dots (QD) play important and significant role. On the one hand, the QD devices [3, 4] are highly controllable and fine-tunable setups operating at the regimes adjustable by external electric and magnetic fields at both weak and strong out of equilibrium conditions. On the other hand, the QD devices as the quantum impurity simulators provide an important playground for understanding the influence of strong electron-electron interactions, interference effects and resonance scattering on the quantum transport.
One of the cornerstone effects showing both the resonance scattering and strong interactions as two sides of the same coin is the Kondo effect [13, 14] . While conventional Kondo phenomenon is attributed to a spin degree of freedom of the quantum impurity [15] [16] [17] , the unconventional "charge" Kondo effect is dealing with an iso-spin implementation of the charge quantization [18] [19] [20] [21] [22] [23] . is one of known realizations of the "minimal models" archetypal for description of both Fermi liquid (FL) and non-Fermi liquid (NFL) regimes associated with the collective many-body phenomena.
The FL paradigm is one of the most important achievements of twentieth-century condensed matter physics [24] . It provides a tool to account for the effects of interaction in the equilibrium and out-of-equilibrium correlation functions [25] . While FLs are well defined objects characterized by some universal properties of corresponding quantum field theory encoded in scaling behaviour of the correlation functions [25] or, equivalently, certain constrains in the phenomenological de-scription, NFLs represent rather "terra incognita" unless some strong fingerprints of the quantum behaviour inconsistent with the FL paradigm directly follow from known classes of the models. Fortunately, the multichannel Kondo (MCK) model gives an access to collective behaviour completely different from the FL theory predictions [26] [27] [28] . The beauty and "simplicity" of the Kondo model makes it attractive for both experimental implementation of the strongly correlated physics and theoretical benchmarking of the many-body approaches beyond conventional mean-field or perturbation theory techniques. The price one has to pay for using minimal model is in immense complications in experimental fabrication of the MCK devices [30] and necessity to use advanced and cumbersome theoretical tools for the description of the strong coupling regimes [31] [32] [33] .
Recently, the breakthrough experiments [11, 12] convincingly demonstrated the paramount importance of the MCK physics for the quantum charge transport through the nano-device. The few-channel Kondo physics is shown to be extended beyond existing realization of a two-channel Kondo (2CK) effect [29, 30] to a three-channel Kondo (3CK) phenomenon. While NFL regime of 2CK [34] [35] [36] is explained by an emergent Z 2 symmetry attributed to Majorana fermions [31, 37] , the 3CK Kondo physics is known to be associated with Z 3 parafermion states [38] [39] [40] [41] [42] [43] .
In this Letter we address a fundamental question on how the NFL physics of 3CK model influences the quantum thermoelectric transport through the quantum simulators reported in [11, 12] . In particular, we investigate theoretically a scaling behaviour of thermoelectric coefficients and analyse crossovers between the NFL regimes associated with different low temperature strong coupling fixed points of 3CK.
Model -In a nano-device (see Fig. 1 ) designed to be used for thermoelectric measurements [44, 45] , the drain consists of a large metallic QD electrically connected to two-dimensional electron gas (2DEG) electrodes through three quantum point contacts (QPCs) as proposed in Refs. [11, 12] . The 2DEG is in the in-teger quantum Hall (IQH) regime at the filling factor ν = 2. The QPCs are fine-tuned to satisfy condition that only the outer spin polarized chiral edge current is partially transmitted across the QPCs. The drain is at the reference temperature T . The source is separated from the QD by a tunnel barrier with low transparency |t| 1 as described by a tunnel Hamiltonian H tun = k (tc † k d + h.c.) with c and d denote the electrons in the left lead and in the dot. The temperature of the source can be controlled by the "floating island" technique [5] . A micron-sized metal island [5] is electrically connected by several channels at opposite voltages (to have a zero dc voltage) in the left electrode upstream to the tunnel contact to the Kondo island [46] . Electrons in the "floating island" are heated up with Joule heat. The resulting temperature is measured by the noise-based thermometry [5, [46] [47] [48] . The temperature difference ∆T across the tunnel barrier is assumed to be small compared to the reference temperature T to guarantee the linear response regime for the device at the weak link [49] . The central metallic island (QD) is in a regime of weak (mesoscopic) Coulomb blockade [21, 50] characterized by the charging energy E C . The gate voltage V g is used to tune charge degeneracy N (V g ) to the regimes of Coulomb peaks (N is half-integer) and Coulomb valleys (N is integer). The Kondo physics is observed through the measurements of the QPCs differential conductances G α at zero bias voltages V α → 0 through the measurement of I α /V α [12] (see Fig. 1 ). The MCK regime is fine-tuned by setting transmission coefficients across QPCs to be equal. Applying a thermo-voltage ∆V th to implement a zero-current condition for the electric current between the source (orange lead) and drain (QD and three blue leads) allows to access the thermoelectric coefficient G T through the measurements of I α /∆T and Seebeck coefficient aka thermopower (TP) S = G T /G| I=0 = −∆V th /∆T [44] .
The mapping of IQH setup to a MCK problem is explained in details in Refs. [51] . We assign the iso-spin ↑ to the electrons in each QPC and the iso-spin ↓ to the electrons in the QD. The "charge" iso-spin flips when the electrons move in-and out-of the QD. Backscattering transfers "moving in-" the QD electrons to "moving out-" from the QD electrons and vice versa. The number of QPCs is equivalent to the number of orbital channels in the conventional S=1/2 Kondo problem.
It is convenient to describe the interacting electrons in the QD and QPCs in the bosonized representation [19] [20] [21] [22] [23] 52] . We start with the Euclidean action S = S 0 +S C +S describing QD and three QPCs. The action S 0 [33] stands for the free part representing three copies of free one-dimensional electrons in QPC α :
Here φ α (x, t) denotes bosonic field describing the transport through QPC α (see also [51] ) and v F is a Fermi velocity, β=1/T (we adopt the units =c=k B =1). The effects of the weak mesoscopic Coulomb blockade in the QD are described by the Hamiltonian 2 . In the spirits of Andreev-Matveev theory [52] , the operatorn in the Hamiltonian H C accounts for the electrons entering the dot through the left week tunnel barrier and three QPCs (n=n L +n QP C ). The number of electrons entering QD from the QPCs is related to the bosonic fields φ α aŝ n QP C → 3 α=1 φ α (0, t)/π [52] , while the operatorn L counting the number of electrons tunneling from the left electrode can be replaced by the function n τ (t) = θ(t)θ(τ − t) [52] . Here θ(t) is the unit step function (Heaviside function.) The Coulomb blockade action S C in bosonized representation [19] [20] [21] [22] [23] 52 ] is given by:
Finally, the action S
characterizes the backscattering at QPCs with r α is reflection amplitude for the QPC α and D is the bandwidth (ultraviolet cutoff). We consider the symmetric situation, where |r 1 | = |r 2 | = |r 3 | ≡ |r|.
Three flavour electrons -we introduce three linear combinations of the fields φ α to represent charge, spin and flavour modes (see, e.g. [53] ):
and the same for the dual boson fields
Here α,α denote charge, spin, and flavour. The spin and flavour modes are related to two diagonal Gell-Mann matrices of SU(3) group [4, 54] .
The action in the charge, spin and flavour modes is given by
Action S 0 is particle-hole (PH) symmetric. PH transformation in the action S C corresponds to change N to −N (electrons are replaced by holes). As a result, the transport coefficients G and G T transform under PH transformation as follows: G(N ) = G(−N ) and G T (−N ) = −G T (N ). Besides, the thermoelectric transport requires breaking of the particle-hole symmetry described by the backscattering action S .
Furthermore, due to Coulomb blockade effect all transport coefficients are periodic in N (V g ) and the action is invariant with respect to the shift N → N + 1.
To show it we notice that the electron travels from/to QD to/from one of the QPCs. In the setup (see Fig.  1 ), there are three possible ways to do it: i) electron enters QD from the QPC1:
ii) electron enters QD from the QPC2:
and iii) electron enters QD from the QPC3:
These discrete transformations keep the backscattering action S invariant and increase charge of the QD by one. We rely upon these transformations in the perturbative calculations (see details in the Supplemental Materials [55]).
Perturbative calculations -The transport coefficients G and G T are expressed in terms of the correlation function K(τ ) [52] :
This correlation function is characterized by the following symmetries associated with PH and shift transfor-
The electric conductance G [20] is given by
Here G L e 2 /h denotes the tunnel conductance of the left barrier calculated ignoring influence of the dot. The thermoelectric coefficient G T takes the form [52] 
The correlator K(τ ) acquires a simple form in the absence of the backscattering. The action S 0 + S C is Gaussian and the functional integrals are explicitly evaluated resulting in [56] (see details of calculations in the Supplemental Materials [55])
The backscattering r = 0 explicitly breaks the PH symmetry. However, the mechanism of the PH symmetry breaking is different for the FL (M = 1) and MCK-NFL, (M ≥ 2) states. Namely, for the FL case, there exists only one gapped mode associated with the charge. Therefore, the PH symmetry breaking occurs already in the first order of the perturbation theory [52] . If, however, there are M − 1 gapless modes describing spin and flavours for the MCK-NFL, the first order perturbative correction vanishes and PH symmetry breaking occurs in the second order. The nonvanishing contribution to the G T and S is associated with the fluctuations of M − 1 gapless modes. We process with the perturbative calculations at the second order K (2) (τ ) = K C (τ ) S 2 τ − S 2 0 /2. The validity of the perturbation theory at |r| 2 1 for 2CK [52] is justified by the condition for the temperature regime T * T E C where T * = |r| 2 E C [52] . We refer to this regime as the weak NFL regime.
Scaling of transport coefficients -The main contribution to the electric conductance does not depend on |r|. Its temperature scaling is fully determined by the form of K (0) (τ ) given by Eq.(8) (see [57, 62] ):
The perturbative contribution to the thermoelectric coefficient G T proportional to |r| 2 consists of two terms [55] computed with log-accuracy. The first term is associate with contribution of electrons entering the dot from QPC1 and QPC3:
and the second term accounts for the electrons entering the dot from the QPC2:
While the temperature scaling in both terms is the same, the difference in the gate voltage dependence is associated with the parametrization of the spin and flavor modes (1) where the symmetry between (QCP1, QCP3) and QCP2 is esxplicitly broken [63] . Substituting Eqs. (10, 11) and asymptotic equation for G Eq.(9) into the definition of the TP S = G T /G we obtain [64] :
with a∼1 [55]. The perturbative 3CK results for G T (10, 11) and TP (12) do not diverge at the limit T →0 in contrast to 2CK predictions [52] . Besides, the temperature scaling of TP S 3CK ∝T 1/3 log T is compatible with corresponding non-perturbative scaling of the TP maximums S 2CK max ∝T 1/2 log T for 2CK. In both cases S vanishes when T →0. We therefore expect that the scaling (12) will survive at the limit T → 0 and acquire only marginal modifications in the argument of log [52] . Eqs. (10) (11) (12) represent the central result of this Letter.
Channel symmetry breaking -We comment on possible ways to crossover 3CK → 2CK and 3CK → 1CK in the "charge" Kondo circuits. These crossovers have been experimentally reported in [11, 12] and numerically reproduced in [65] [66] [67] by using Numerical Renormalization Group (NRG) technique. The simplest way to describe continuous crossover 3CK → 2CK is to imbalance e.g. the reflection amplitudes in QPC1 and QPC3. Having a 13 ≡ ||r 1 | − |r 3 || as a relevant perturbation to the symmetric state characterized by s 13 ≡ (|r 1 | + |r 3 |)/2 ≈ |r| provides a condition for a crossover a 13 ∼ s 13 similar to theory of channel symmetry breaking of 2CK → 1CK discussed in [49] . In addition, the condition a 13 s 13 |r 2 | 2 ≈ |r| 2 is required. However, one needs to go beyond the perturbation theory for the quantitative description of the crossover. The mechanism of 3CK → 1CK is more delicate. First of all, the experiment [12] shows the non-monotonous behaviour of conductance evolution confirmed by non-monotonous NRG flow in numerical calculations [65] [66] [67] . Second, the crossover regime has to be fine tuned by the condition |a 13 s 13 − |r 2 | 2 | |r 2 | 2 . Discussion of both crossovers goes beyond the scope of this paper and will be published elsewhere [68] .
Discussion and open questions -Describing the quantum thermoelectricity in the NFL regime of the MCK model at the strong coupling limit T T * is one of the main open questions. In particular, it is important to understand if there exists a re-(para)fermionization procedure for Z 3 fixed point similar to Emery-Kivelson (EK) approach [37] developed for U (1) → Z 2 symmetry reduction [69] . The EK re-fermionization being a cornerstone for understanding of the emergence of the NFL state of 2CK is known to allow straightforward rewriting of the strong coupling Hamiltonian in terms of Z 2 Majorana (para)fermions. However, even if such a procedure does exist for Z 3 low temperature fixed point [70] , the strong coupling fixed point Hamiltonian will not be quadratic in terms of the Z 3 parafermions [71] . Therefore, the non-perturbative treatment of the 3CK problem at its strong coupling will require some additional assumptions or approximations. Yet another challenging question is related to the generalization of the approach developed in this Letter for the description of the M > 3 MCK effect at the strong coupling. We expect that even-and odd-M -channel models behave significantly differently: while the ground state of the even-M = 2k channel models can be represented in terms of the Majorana fermions [72] , Z 2k+1 parafermions are needed for the description of the odd -M = 2k + 1channel Kondo physics. Besides, switching between Z 2k+1 and Z 2k low temperature fixed points opens an interesting possibility for investigation the crossovers between the states with different parafermion fractionalized zero modes. The same goal can be achieved by using the quantum simulators containing a tunnel contact between two different NFL states [51] .
Conclusions -In summary, we derived the scaling relations for the TP of the 3CK "charge" Kondo model approaching the NFL strong coupling fixed point. We analysed perturbatively the temperature behaviour of the thermoelectric coefficient and TP in the hightemperature weak NFL regime. We predict that while the electric conductance vanishes as a power law with an exponent inversely proportional to the number of channels, the thermoelectric coefficient G T scales as T log T when the temperature goes down. As a result, the scaling dependence of the TP of 3CK model shows a strong deviation from corresponding behaviour of both 2CK and 1CK opening a possibility of experimental observation of Z 3 pre-fractionalization in the quantum transport experiments. We propose to use experimental technique [12] providing the circuit implementation of quantum simulators of the MCK model for investigation of the parafermion contribution to the quantum thermoelectricity controlled by switching the quantum regimes between different low temperature fixed points.
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with ω n = 2πnT are bosonic Matsubara frequencies and the Fourier transform of n τ (t) is n τ (ω n ) = (e iωn τ −1) /iωn.
In the calculation K 0 (τ ) = Z(τ )/Z(0), the integrals over the fluctuations of the field φ c (x, t) about the saddle points in the numerator and the denominator cancel each other. Therefore, the value of K 0 (τ ) is evaluated by the integrals at the saddle point values. In the condition τ E −1 C and T E C , we find
and [S 0 + S C (τ )] φ=φc,0(x,t) = 0. The correlator K 0 (τ )
Plugging in the formula (S1.3) into equation (6) we find the electric conductance as a function of the temperature:
Substituting formula (S1.3) into equation (7) we find that the thermoelectric coefficient G T vanishes. At zero order of perturbation theory, the PH symmetry is conserved (as explained in the main text). One needs to proceed the perturbation calculation at the first non-vanishing order. To proceed we express S in terms of the products of charge mode, spin mode, and flavour mode. However, only the fluctuations of the charge mode is suppressed at low frequencies by the charging energy term. The fluctuations of the spin mode and flavour mode are not suppressed by the charging energy. Therefore, the average S = 0. At second order of perturbation theory,
and therefore it is necessary to calculate S 2 τ .
where we use shorthand notations φ α (t) ≡ φ α (0, t). Since charge, spin, flavour modes are independent, we decouple them as
We apply the saddle-point method one more time in order to perform the integrals in the formula (S1.7)
with φ j (t) = φ jτ (t) + ϕ j (t). Calculation of the correlator ϕ j (t) ϕ j (t ) is achieved by using generating functional method as follows.
To evaluate the correlator (S1.8) we introduce the generating functional
(S1.9)
The value of the Gaussian integral is completely defined by the saddle point
in which ϕ J j (t) is the saddle-point value of the field ϕ j . Now, we consider the charge mode: the fluctuations of ϕ j (t) coincide with those of φ c (0, t) at N = 0, n τ = 0 and n τ (t) plays the role of a source term similar to J c (t) as J c (t) = 2 √ 3E C n τ (t) /π, or n τ (ω n ) = πJ c (ω n ) /2 √ 3E C . We re-write the generating functional as follows:
(S1.11)
The correlator ϕ c (−ω n ) ϕ c (ω m ) can be obtained by differentiating the functional W in formula (S1.9) with respect to J c (ω n ) and J c (−ω m ). In time representation, this correlator is written as
At the limits we are interested in, this correlator behaves as
(S1.12) Therefore, at T E C , we obtain κ + c (t, t , τ ) ≈ Similarly, we consider flavour mode, we find that if there exists a "flavouring energy term" E f and a "spinning energy term" E s (in the same meaning as charging energy term E C ), the relation between n τ (t) and J f /s (t) should be J f (t) = 2 √ 6E f n τ (t) /π and J s (t) = 2 √ 2E s n τ (t) /π. However, after obtaining the correlator ϕ s/f (t) ϕ s/f (t ) , we need to take the limits E s/f = 0. At the end, we have .
(S1.26)
The second order contribution to the correlator K (τ ) corresponding to this process is
.
(S1. 27) 
